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Abstract
Let T =
(
A 0
U B
)
be a formal triangular matrix ring, where A and B are
rings and U is a (B,A)-bimodule. We prove that: (1) If UA and BU have
finite flat dimensions, then a left T -module
(
M1
M2
)
ϕM
is Ding projective
if and only ifM1 and M2/im(ϕ
M) are Ding projective and the morphism
ϕM is a monomorphism. (2) If T is a right coherent ring, BU has finite
flat dimension, UA is finitely presented and has finite projective or FP -
injective dimension, then a right T -module (W1,W2)ϕW is Ding injective
if and only if W1 and ker(ϕ˜W ) are Ding injective and the morphism ϕ˜W
is an epimorphism. As a consequence, we describe Ding projective and
Ding injective dimensions of a T -module.
Key Words: Formal triangular matrix ring; Ding projective module; Ding
injective module; Ding projective dimension; Ding injective dimension.
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1. Introduction
The origin of Gorenstein homological algebra may date back to 1960s when Aus-
lander and Bridger introduced the concept of G-dimension for finitely generated
modules over a two-sided Noetherian ring [2]. In 1990s, Enochs and Jenda extended
the ideas of Auslander and Bridger and introduced the concepts of Gorenstein pro-
jective and Gorenstein injective modules over arbitrary rings [6]. In [4, 22], Ding,
Li and Mao considered two special cases of the Gorenstein projective and Goren-
stein injective modules, which they called strongly Gorenstein flat and Gorenstein
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FP -injective modules respectively. These two classes of modules over coherent rings
possess many nice properties analogous to Gorenstein projective and Gorenstein in-
jective modules over Noetherian rings (see [4, 10, 22, 25, 26]). So Gillespie later
renamed strongly Gorenstein flat as Ding projective, and Gorenstein FP -injective
as Ding injective (see [10] for details).
Let A and B be rings and U be a (B,A)-bimodule. T =
(
A 0
U B
)
is known as a
formal triangular matrix ring with usual matrix addition and multiplication. Formal
triangular matrix rings play an important role in ring theory and the representation
theory of algebra [3]. This kind of rings are often used to construct examples and
counterexamples, which make the theory of rings and modules more abundant and
concrete. So the properties of formal triangular matrix rings and modules over them
have deserved more and more interests (see [1, 3, 5, 9], [12]-[17], [19, 21, 27, 28]).
For example, Zhang [27] explicitly described the Gorenstein projective modules over
a triangular matrix Artin algebra. Enochs and other authors [5] characterized when
a left module over a triangular matrix ring is Gorenstein projective or Gorenstein
injective under the “Gorenstein regular” condition. Zhu, Liu and Wang [28] also
investigated Gorenstein homological dimensions of modules over triangular matrix
rings under the “Gorenstein regular” condition.
The present paper is devoted to Ding projective and Ding injective modules and
dimensions over formal triangular matrix rings.
In Section 3, let UA and BU have finite flat dimensions, we prove that a left T -
module M =
(
M1
M2
)
ϕM
is Ding projective if and only if M1 is a Ding projective left
A-module, M2/im(ϕ
M) is a Ding projective left B-module and the morphism ϕM
is a monomorphism. As a consequence, we prove that, if B has finite left global
Ding projective dimension, UA has finite flat dimension and BU is projective, then
max{Dpd(M1), Dpd(M2)} ≤ Dpd(M) ≤ max{Dpd(M1) + 1, Dpd(M2)}.
In Section 4, let T be a right coherent ring, BU have finite flat dimension, UA be
finitely presented and have finite projective or FP -injective dimension, we obtain
that a right T -module W = (W1,W2)ϕW is Ding injective if and only if W1 is a
Ding injective right A-module, ker(ϕ˜W ) is a Ding injective right B-module and
the morphism ϕ˜W is an epimorphism. As a consequence, we get that, if T is a
right coherent ring, B has finite right global Ding injective dimension, BU is flat,
UA is finitely presented and has finite projective or FP -injective dimension, then
max{Did(W1), Did(W2)} ≤ Did(W ) ≤ max{Did(W1) + 1, Did(W2)}.
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2. Preliminaries
Throughout this paper, all rings are nonzero associative rings with identity and
all modules are unitary. For a ring R, we write R-Mod (resp. Mod-R) for the
category of left (resp. right) R-modules. RM (resp. MR) denotes a left (resp. right)
R-module. The character module HomZ(M,Q/Z) of a module M is denoted by
M+. pd(M), id(M) and fd(M) denote the projective, injective and flat dimensions
of a moduleM respectively. T =
(
A 0
U B
)
always means a formal triangular matrix
ring, where A and B are rings and U is a (B,A)-bimodule.
A left R-module M is called Ding projective [4, 10] (resp. Gorenstein projective
[6]) if there is an exact sequence · · · → P−2 → P−1 → P 0 → P 1 → · · · of projec-
tive left R-modules with M = ker(P 0 → P 1), which remains exact after applying
HomR(−, B) for any flat (resp. projective) left R-module B.
A right R-module X is called FP -injective [24] if Ext1R(N,X) = 0 for every
finitely presented right R-module N . The FP -injective dimension of a right R-
module X , denoted by FP -id(X), is defined to be the smallest integer n ≥ 0 such
that Extn+1R (N,X) = 0 for every finitely presented right R-module N (if no such n
exists, set FP -id(X) =∞).
A right R-module N is called Ding injective [10, 22] (resp. Gorenstein injective
[6]) if there is an exact sequence · · · → E−1 → E0 → E1 → E2 → · · · of injective
right R-modules with N = ker(E0 → E1), which remains exact after applying
HomR(G,−) for any FP -injective (resp. injective) right R-module G.
By [14, Theorem 1.5], the category T -Mod of left T -modules is equivalent to
the category Ω whose objects are triples M =
(
M1
M2
)
ϕM
, where M1 ∈ A-Mod,
M2 ∈ B-Mod and ϕ
M : U ⊗A M1 → M2 is a B-morphism, and whose morphisms
from
(
M1
M2
)
ϕM
to
(
N1
N2
)
ϕN
are pairs
(
f1
f2
)
such that f1 ∈ HomA(M1, N1), f2 ∈
HomB(M2, N2) satisfying that the following diagram is commutative.
U ⊗AM1
ϕM

1⊗f1
// U ⊗A N1
ϕN

M2
f2
// N2.
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Given a triple M =
(
M1
M2
)
ϕM
in Ω, we shall denote by ϕ˜M the A-morphism from
M1 to HomB(U,M2) given by ϕ˜M(x)(u) = ϕ
M(u⊗ x) for each u ∈ U and x ∈M1.
Note that a sequence 0 →
(
M ′1
M ′2
)
ϕM
′
→
(
M1
M2
)
ϕM
→
(
M ′′1
M ′′2
)
ϕM
′′
→ 0 of left
T -modules is exact if and only if both sequences 0 → M ′1 → M1 → M
′′
1 → 0 and
0→ M ′2 → M2 →M
′′
2 → 0 are exact.
Recall that the product category A-Mod ×B-Mod is defined as follows: An ob-
ject of A-Mod ×B-Mod is a pair (M,N) with M ∈ A-Mod and N ∈ B-Mod, a
morphism from (M,N) to (M ′, N ′) is a pair (f, g) with f ∈ HomA(M,M
′) and
g ∈ HomB(N,N
′).
There are some functors between the category T -Mod and the product category
A-Mod ×B-Mod as follows:
(1) p : A-Mod ×B-Mod → T -Mod is defined as follows: for each object (M1,M2)
of A-Mod×B-Mod, let p(M1,M2) =
(
M1
(U ⊗AM1)⊕M2
)
with the obvious map and
for any morphism (f1, f2) in A-Mod ×B-Mod, let p(f1, f2) =
(
f1
(1⊗A f1)⊕ f2
)
.
(2) h : A-Mod ×B-Mod → T -Mod is defined as follows: for each object (M1,M2)
of A-Mod ×B-Mod, let h(M1,M2) =
(
M1 ⊕ HomB(U,M2)
M2
)
with the obvious map
and for any morphism (f1, f2) inA-Mod×B-Mod, let h(f1, f2) =
(
f1 ⊕ HomB(U, f2)
f2
)
.
(3) q : T -Mod → A-Mod ×B-Mod is defined, for each left T -module
(
M1
M2
)
as
q
(
M1
M2
)
= (M1,M2), and for each morphism
(
f1
f2
)
in T -Mod as q
(
f1
f2
)
= (f1, f2).
It is easy to see that p is a left adjoint of q, h is a right adjoint of q.
Analogously, the category Mod-T of right T -modules is equivalent to the category
Γ whose objects are triplesW = (W1,W2)ϕW , whereW1 ∈Mod-A,W2 ∈Mod-B and
ϕW : W2⊗B U →W1 is an A-morphism, and whose morphisms from (W1,W2)ϕW to
(X1, X2)ϕX are pairs (g1, g2) such that g1 ∈ HomA(W1, X1), g2 ∈ HomB(W2, X2) and
ϕX(g2 ⊗ 1) = g1ϕW . Given such a triple W = (W1,W2)ϕW in Γ, we shall denote by
ϕ˜W the B-morphism from W2 to HomA(U,W1) given by ϕ˜W (y)(u) = ϕW (y ⊗ u) for
each u ∈ U and y ∈ W2. There exist similar functors p,q,h between the category
Mod-T and the product category Mod-A × Mod-B.
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In the rest of the paper we shall identify T -Mod (resp. Mod-T ) with this category
Ω (resp. Γ) and, whenever there is no possible confusion, we shall omit the morphism
ϕM (resp. ϕW ).
3. Ding projective modules and dimensions
We start with several lemmas.
Lemma 3.1. The following conditions are equivalent:
(1) X is a Ding projective left R-module.
(2) There is an exact sequence · · · → P−1 → P 0 → P 1 → P 2 → · · · of projective
left R-modules with X = ker(P 0 → P 1), , which remains exact after applying
HomR(−, G) for each left R-module G with finite flat dimension.
Proof. It is enough to show that (1) ⇒ (2). There is an exact sequence Λ : · · · →
P−1 → P 0 → P 1 → P 2 → · · · of projective left R-modules with X = ker(P 0 → P 1),
which remains exact after applying HomR(−, F ) for each flat left R-module F . Let
fd(G) = n < ∞. Then there is an exact sequence 0 → Fn → Fn−1 → · · · →
F1 → F0 → G → 0 with each Fi flat. So we get the exact sequence of complexes
0 → HomR(Λ, Fn) → · · · → HomR(Λ, F0) → HomR(Λ, G) → 0. By [23, Theorem
6.3], HomR(Λ, G) is exact since HomR(Λ, Fn), · · · ,HomR(Λ, F0) are exact. 
Lemma 3.2. Let BU have finite flat dimension.
(1) If E is an injective right A-module, then the right B-module HomA(U,E)
has finite injective dimension.
(2) If F is a flat left A-module, then the left B-module U ⊗A F has finite flat
dimension.
Proof. Let fd(BU) = n <∞.
(1) By [23, p.360], for any right B-module X , we have
Extn+1B (X,HomA(U,E))
∼= HomA(Tor
B
n+1(X,U), E) = 0.
Hence id(HomA(U,E)) ≤ n <∞.
(2) By [23, Theorem 9.48], for any right B-module X , we have
TorBn+1(X,U ⊗A F )
∼= TorBn+1(X,U)⊗A F = 0.
So fd(U ⊗A F ) ≤ n <∞. 
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Lemma 3.3. Let M =
(
M1
M2
)
ϕM
be a left T -module.
(1) [17, Theorem 3.1] M is a projective left T -module if and only if M1 is a
projective left A-module, M2/im(ϕ
M) is a projective left B-module and ϕM
is a monomorphism.
(2) [9, Proposition 1.14] M is a flat left T -module if and only if M1 is a flat left
A-module, M2/im(ϕ
M) is a flat left B-module and ϕM is a monomorphism.
Now we describe explicitly the structure of a Ding projective left T -module.
Theorem 3.4. Let UA and BU have finite flat dimensions and M =
(
M1
M2
)
ϕM
be a
left T -module. The following conditions are equivalent:
(1) M is a Ding projective left T -module.
(2) M1 is a Ding projective left A-module, M2/im(ϕ
M) is a Ding projective left
B-module and ϕM is a monomorphism.
In this case, U ⊗A M1 is Ding projective left B-module if and only if M2 is Ding
projective left B-module.
Proof. (1) ⇒ (2) There is an exact sequence of projective left T -modules
∆ : · · · →
(
P−11
P−12
)
ϕ−1
(
∂−1
1
∂−1
2
)
→
(
P 01
P 02
)
ϕ0
(
∂0
1
∂0
2
)
→
(
P 11
P 12
)
ϕ1
(
∂1
1
∂1
2
)
→
(
P 21
P 22
)
ϕ2
→ · · ·
with M = ker
(
∂01
∂02
)
, which remains exact after applying HomT (−, H) for each flat
left T -module H . By Lemma 3.3, we get the exact sequence
Λ1 : · · · → P
−1
1
∂−1
1→ P 01
∂01→ P 11
∂11→ P 21 → · · ·
of projective left A-modules with M1 = ker(∂
0
1).
Let F be a flat left A-module. There exists the exact sequence in T -Mod
0→
(
0
U ⊗A F
)
→
(
F
U ⊗A F
)
→
(
F
0
)
→ 0,
which induces the exact sequence of complexes
0→ HomT (∆,
(
0
U ⊗A F
)
)→ HomT (∆,
(
F
U ⊗A F
)
)→ HomT (∆,
(
F
0
)
)→ 0.
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By Lemma 3.3,
(
F
U ⊗A F
)
is flat, hence HomT (∆,
(
F
U ⊗A F
)
) is exact. Since
fd(BU) < ∞, fd(U ⊗A F ) < ∞ by Lemma 3.2 and so fd
(
0
U ⊗A F
)
< ∞. By
Lemma 3.1, HomT (∆,
(
0
U ⊗A F
)
) is exact and so HomT (∆,
(
F
0
)
) is exact by
[23, Theorem 6.3]. By adjointness of functors p and q, we have HomA(Λ1, F ) ∼=
HomT (∆,
(
F
0
)
) is exact. Thus M1 is a Ding projective left A-module.
Let λ1 : M1 → P
0
1 and λ2 : M2 → P
0
2 be the inclusions. Consider the following
commutative diagram in B-Mod:
U ⊗AM1
ϕM

1⊗λ1
// U ⊗A P
0
1
ϕ0

M2
λ2
// P 02 .
Since fd(UA) <∞, U ⊗AΛ1 is exact by [5, Lemma 2.3]. Thus 1⊗λ1 is a monomor-
phism. Also ϕ0 is a monomorphism by Lemma 3.3, so ϕM is a monomorphism.
For any i ∈ Z, there exists ∂i2 : P
i
2/im(ϕ
i)→ P i+12 /im(ϕ
i+1) such that the following
diagram with exact rows is commutative.
...

...

...

0 // U ⊗A P
−1
1
1⊗∂
−1
1

ϕ−1
// P−12
∂−1
2

// P−12 /im(ϕ
−1) //
∂−1
2

0
0 // U ⊗A P
0
1
1⊗∂
0
1

ϕ0
// P 02
∂0
2

// P 02 /im(ϕ
0) //
∂0
2

0
0 // U ⊗A P
1
1
1⊗∂
1
1

ϕ1
// P 12
∂1
2

// P 12 /im(ϕ
1) //
∂1
2

0
0 // U ⊗A P
2
1

ϕ2
// P 22

// P 22 /im(ϕ
2)

// 0
...
...
...
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Since the first column and the second column are exact, we get the exact sequence
Ξ : · · · → P−12 /im(ϕ
−1)
∂−1
2→ P 02 /im(ϕ
0)
∂0
2→ P 12 /im(ϕ
1)
∂1
2→ P 22 /im(ϕ
2)→ · · ·
of projective left B-modules by [23, Theorem 6.3] with M2/im(ϕ
M) ∼= ker(∂02).
Let G be a flat left B-module. Since
(
0
G
)
is a flat left T -module, HomT (∆,
(
0
G
)
)
is exact. Thus by adjointness of functors p and q, HomB(Ξ, G) ∼= HomT (∆,
(
0
G
)
)
is exact. So M2/im(ϕ
M) is a Ding projective left B-module.
(2) ⇒ (1) Since ϕM : U ⊗A M1 → M2 is a monomorphism, there exists an exact
sequence in T -Mod
0→
(
M1
U ⊗AM1
)
→
(
M1
M2
)
ϕM
→
(
0
M2/im(ϕ
M)
)
→ 0.
We first prove that
(
M1
U ⊗AM1
)
is a Ding projective left T -module. Since M1 is
a Ding projective left A-module, there is an exact sequence
Λ : · · · → P−1
∂−1
→ P 0
∂0
→ P 1
∂1
→ P 2 → · · ·
of projective left A-modules with M1 = ker(∂
0), which remains exact after applying
HomA(−, F ) for each flat left A-module F . Since fd(UA) <∞, U ⊗A Λ is exact by
[5, Lemma 2.3]. So we get the exact sequence of projective left T -modules
Υ : · · · →
(
P−11
U ⊗A P
−1
) ( ∂−1
1⊗ ∂−1
)
→
(
P 0
U ⊗A P
0
) ( ∂0
1⊗ ∂0
)
→
(
P 1
U ⊗A P
1
)
→ · · ·
with
(
M1
U ⊗AM1
)
∼= ker
(
∂0
1⊗ ∂0
)
. For any flat left T -module
(
H1
H2
)
ϕH
, H1 is a flat
left A-module by Lemma 3.3. Then HomT (Υ,
(
H1
H2
)
) ∼= HomA(Λ, H1) is exact by
adjointness of functors p and q. So
(
M1
U ⊗AM1
)
is a Ding projective left T -module.
Next we prove that
(
0
M2/im(ϕ
M)
)
is a Ding projective left T -module. Since
M2/im(ϕ
M) is a Ding projective left B-module, there is an exact sequence
Θ : · · · → Q−1
f−1
→ Q0
f0
→ Q1
f1
→ Q2
f2
→ · · ·
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of projective left B-modules with M2/im(ϕ
M) = ker(f 0), which remains exact after
applying HomB(−, G) for each flat left B-module G. So we get the exact sequence
of projective left T -modules
(
0
Θ
)
: · · · →
(
0
Q−1
) ( 0
f−1
)
→
(
0
Q0
) ( 0
f0
)
→
(
0
Q1
) ( 0
f1
)
→
(
0
Q2
)
→ · · ·
with
(
0
M2/im(ϕ
M)
)
= ker
(
0
f 0
)
. Let H =
(
H1
H2
)
ϕH
be a flat left T -module. By
Lemma 3.3, there is the exact sequence of left B-modules
0→ U ⊗A H1
ϕH
→ H2 → H2/im(ϕ
H)→ 0
with H1 and H2/im(ϕ
H) flat. By Lemma 3.2, fd(U ⊗A H1) < ∞ and so fd(H2) <
∞. Hence HomT (
(
0
Θ
)
,
(
H1
H2
)
) ∼= HomB(Θ, H2) is exact by Lemma 3.1, and so(
0
M2/im(ϕ
M)
)
is a Ding projective left T -module.
By [26, Lemma 2.4], M =
(
M1
M2
)
ϕM
is a Ding projective left T -module.
Finally, if the equivalent conditions above hold, then there exists an exact sequence
0→ U ⊗AM1
ϕM
→ M2 → M2/im(ϕ
M)→ 0.
Since M2/im(ϕ
M) is a Ding projective left B-module, U ⊗AM1 is Ding projective if
and only if M2 is Ding projective by [26, Theorem 2.6]. 
As an immediate consequence of Theorem 3.4, we have
Corollary 3.5. Let R be a ring, T (R) =
(
R 0
R R
)
and M =
(
M1
M2
)
ϕM
be a left
T (R)-module. The following conditions are equivalent:
(1) M is a Ding projective left T (R)-module.
(2) M1 andM2/im(ϕ
M) are Ding projective left R-modules, and ϕM is a monomor-
phism.
(3) M2 andM2/im(ϕ
M) are Ding projective left R-modules, and ϕM is a monomor-
phism.
Next we investigate Ding projective dimensions of modules over formal triangular
matrix rings.
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Given a left R-moduleX , letDpd(X) denote inf{n: there exists an exact sequence
0 → Gn → · · · → G1 → G0 → X → 0 of left R-modules with each Gi Ding
projective} and call Dpd(X) the Ding projective dimension of X [4]. If no such n
exists, set Dpd(X) = ∞. Put lDPD(R) = sup{Dpd(X) : X is any left R-module}
and call lDPD(R) the left global Ding projective dimension of R.
Lemma 3.6. The following conditions are equivalent for a left R-module M :
(1) Dpd(M) ≤ n.
(2) For any exact sequence 0 → Kn → Pn−1 → · · · → P1 → P0 → M → 0 with
each Pi Ding projective, Kn is Ding projective.
Proof. (1)⇒ (2) There exists an exact sequence 0→ Gn → · · · → G1 → G0 →M →
0 of left R-modules with each Gi Ding projective. Since the class of Ding projective
left R-modules is closed under extensions, kernels of epimorphisms, direct sums,
direct summands by [26, Theorem 2.6 and Corollary 2.7] and [4, Remark 2.2(2)],
Kn is Ding projective by [2, Lemma 3.12].
(2) ⇒ (1) is clear. 
Lemma 3.7. Let lDPD(B) <∞, UA have finite flat dimension and BU be projec-
tive. If X is a Ding projective left A-module, then U ⊗A X is a Ding projective left
B-module.
Proof. There is an exact sequence of projective left A-modules
Λ : · · · → P−1 → P 0 → P 1 → P 2 → · · ·
with X = ker(P 0 → P 1). Since BU is projective, each U ⊗A P
i is projective. Since
fd(UA) <∞, we get the exact sequence of projective left B-modules
U ⊗A Λ : · · · → U ⊗A P
−1 → U ⊗A P
0 → U ⊗A P
1 → U ⊗A P
2 → · · ·
with U ⊗A X ∼= ker(U ⊗A P
0 → U ⊗A P
1) by [5, Lemma 2.3]. For each flat left
B-module G, id(G) < ∞ by [4, Proposition 3.2]. Then HomB(U ⊗A Λ, G) is exact
by [5, Lemma 2.4]. So U ⊗A X is a Ding projective left B-module. 
Theorem 3.8. Let lDPD(B) < ∞, UA have finite flat dimension and BU be pro-
jective. If M =
(
M1
M2
)
ϕM
is a left T -module, then
max{Dpd(M1), Dpd(M2)} ≤ Dpd(M) ≤ max{Dpd(M1) + 1, Dpd(M2)}.
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Proof. We first prove that max{Dpd(M1), Dpd(M2)} ≤ Dpd(M).
We may assume that Dpd(M) = m <∞. There is an exact sequence in T -Mod
0→
(
Nm1
Nm2
)
ϕm
(
∂m
1
∂m
2
)
→
(
Nm−11
Nm−12
)
ϕm−1
→ · · · →
(
N01
N02
)
ϕ0
(
∂0
1
∂0
2
)
→
(
M1
M2
)
ϕM
→ 0
with each
(
N i1
N i2
)
ϕi
Ding projective. By Theorem 3.4, all N i1 and N
i
2/im(ϕ
i) are Ding
projective. So each U ⊗A N
i
1 is Ding projective by Lemma 3.7. Hence each N
i
2 is
Ding projective by Theorem 3.4. Since there exist the exact sequences 0→ Nm1
∂m
1→
Nm−11 → · · · → N
0
1
∂0
1→ M1 → 0 and 0 → N
m
2
∂m
2→ Nm−12 → · · · → N
0
2
∂0
2→ M2 → 0, we
have Dpd(M1) ≤ m and Dpd(M2) ≤ m.
Next we prove that Dpd(M) ≤ max{Dpd(M1) + 1, Dpd(M2)}.
We may assume that max{Dpd(M1) + 1, Dpd(M2)} = n < ∞. There exist an
exact sequence 0 → Cn−1
fn−1
→ Cn−2
fn−2
→ · · · → C1
f1
→ C0
f0
→ M1 → 0 with each
Ci a Ding projective left A-module and an exact sequence P0
g0
→ M2 → 0 with P0
a projective left B-module. Write Ki1 = ker(fi−1) and pii : Ci → K
i
1 to be the
obvious epimorphisms, i = 1, 2, · · · , n − 1. Define h0 : (U ⊗A C0) ⊕ P0 → M2 by
h0(u ⊗ c0, x0) = ϕ
M(u ⊗ f0(c0)) + g0(x0) for u ∈ U, c0 ∈ C0, x0 ∈ P0. Then h0 is
clearly an epimorphism. Thus we get an exact sequence
0→
(
K11
K12
)
ψ1
→
(
C0
(U ⊗A C0)⊕ P0
)
(
f0
h0
)
→
(
M1
M2
)
ϕM
→ 0.
Also, there is an exact sequence P1
g1
→ K12 → 0 with P1 a projective left B-module.
Define h1 : (U ⊗A C1) ⊕ P1 → K
1
2 by h1(u ⊗ c1, x1) = ψ
1(u ⊗ pi1(c1)) + g1(x1) for
u ∈ U, c1 ∈ C1, x1 ∈ P1. Since h1 is an epimorphism, we get an exact sequence
0→
(
K21
K22
)
ψ2
→
(
C1
(U ⊗A C1)⊕ P1
)
(
pi1
h1
)
→
(
K11
K12
)
ψ1
→ 0.
Continuing the process, we get the exact sequence of left T -modules
0→
(
0
Kn−12
)
→
(
Cn−1
(U ⊗A Cn−1)⊕ Pn−1
)
→ · · ·
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→(
C1
(U ⊗A C1)⊕ P1
)
→
(
C0
(U ⊗A C0)⊕ P0
)
→
(
M1
M2
)
ϕM
→ 0.
By Lemma 3.7, each U ⊗A Ci is Ding projective and so is (U ⊗A Ci) ⊕ Pi.
Since Dpd(M2) ≤ n, K
n−1
2 is Ding projective by Lemma 3.6. Thus
(
0
Kn−12
)
and(
Ci
(U ⊗A Ci)⊕ Pi
)
are Ding projective by Theorem 3.4. So Dpd(M) ≤ n. 
The following theorem gives an estimate of the left global Ding projective dimen-
sion of a formal triangular matrix ring.
Theorem 3.9. Let BU 6= 0 be projective, UA have finite flat dimension. Then
max{lDPD(A), lDPD(B), 1} ≤ lDPD(T ) ≤ max{lDPD(A) + 1, lDPD(B)}.
Proof. We first prove that max{lDPD(A), lDPD(B), 1} ≤ lDPD(T ).
We may assume that lDPD(T ) = m <∞. Since U 6= 0, X =
(
A
0
)
is not a Ding
projective left T -module by Theorem 3.4. So m ≥ Dpd(X) ≥ 1.
Let N be any left B-module. There exists an exact sequence
0→ Km → Pm−1 → · · · → P1 → P0 → N → 0
with each Pi a projective left B-module. Then we get the exact sequence
0→
(
0
Km
)
→
(
0
Pm−1
)
→ · · · →
(
0
P1
)
→
(
0
P0
)
→
(
0
N
)
→ 0.
Since Dpd
(
0
N
)
≤ lDPD(T ) = m,
(
0
Km
)
is Ding projective by Lemma 3.6. So Km
is Ding projective by Theorem 3.4. Hence Dpd(N) ≤ m. Thus lDPD(B) ≤ m.
Let Y be any left A-module. By Theorem 3.8,Dpd(Y ) ≤ Dpd
(
Y
0
)
≤ lDPD(T ) =
m. Thus lDPD(A) ≤ m. It follows that max{lDPD(A), lDPD(B), 1} ≤ lDPD(T ).
Next we prove that lDPD(T ) ≤ max{lDPD(A) + 1, lDPD(B)}.
We may assume that max{lDPD(A)+1, lDPD(B)} <∞. Then lDPD(B) <∞.
By Theorem 3.8, for any left T -module M =
(
M1
M2
)
ϕM
, we have
Dpd(M) ≤ max{Dpd(M1) + 1, Dpd(M2)} ≤ max{lDPD(A) + 1, lDPD(B)}.
So lDPD(T ) ≤ max{lDPD(A) + 1, lDPD(B)}. This completes the proof. 
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Corollary 3.10. Let R be a ring and T (R) =
(
R 0
R R
)
.
(1) If lDPD(R) <∞ and M =
(
M1
M2
)
ϕM
is a left T (R)-module, then
max{Dpd(M1), Dpd(M2)} ≤ Dpd(M) ≤ max{Dpd(M1) + 1, Dpd(M2)}.
(2) max{lDPD(R), 1} ≤ lDPD(T (R)) ≤ lDPD(R) + 1.
Proof. It follows from Theorems 3.8 and 3.9. 
Remark 3.11. Given a left R-module X , let Gpd(X) denote inf{n: there exists an
exact sequence 0→ Gn → · · · → G1 → G0 → X → 0 of left R-modules with each Gi
Gorenstein projective} and call Gpd(X) the Gorenstein projective dimension of X
[18]. If no such n exists, set Gpd(X) =∞. Put lGPD(R) = sup{Gpd(X) : X is any
left R-module} and call lGPD(R) the left global Gorenstein projective dimension of
R. Similar to the proofs of Theorems 3.4, 3.8 and 3.9, one can obtain that
(1) If UA has finite flat dimension and BU has finite projective dimension, then
a left T -moduleM =
(
M1
M2
)
ϕM
is Gorenstein projective if and only ifM1 is a
Gorenstein projective left A-module, M2/im(ϕ
M) is a Gorenstein projective
left B-module and ϕM is a monomorphism.
(2) If lGPD(B) < ∞, UA has finite flat dimension, BU is projective, M =(
M1
M2
)
ϕM
is a left T -module, then
max{Gpd(M1), Gpd(M2)} ≤ Gpd(M) ≤ max{Gpd(M1) + 1, Gpd(M2)}.
(3) If UA has finite flat dimension and BU 6= 0 is projective, then
max{lGPD(A), lGPD(B), 1} ≤ lGPD(T ) ≤ max{lGPD(A) + 1, lGPD(B)}.
4. Ding injective modules and dimensions
Lemma 4.1. The following conditions are equivalent:
(1) X is a Ding injective right R-module.
(2) There is an exact sequence · · · → E−1 → E0 → E1 → E2 → · · · of injective
right R-modules such that X = ker(E0 → E1), which is HomR(G,−)-exact
for each right R-module G with finite FP -injective dimension.
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Proof. The proof is dual to that of Lemma 3.1. 
Recall that R is a right coherent ring [20] if every finitely generated right ideal is
finitely presented.
Lemma 4.2. Let A and B be right coherent rings, UA be finitely presented and BU
have finite flat dimension. If G is an FP -injective right A-module, then the right
B-module HomA(U,G) has finite FP-injective dimension.
Proof. Since A is right coherent and G is an FP -injective right A-module, G+ is
a flat left A-module by [8, Theorem 2.2]. So fd(U ⊗A G
+) < ∞ by Lemma 3.2
since fd(BU) < ∞. By [23, Lemma 3.60], HomA(U,G)
+ ∼= U ⊗A G
+ since UA is
finitely presented. Hence fd(HomA(U,G)
+) = fd(U ⊗A G
+) <∞. Since B is right
coherent, FP − id(HomA(U,G)) = fd(HomA(U,G)
+) <∞ by [8, Theorem 2.2]. 
LetW = (W1,W2)ϕW be a right T -module. ThenW
+ =
(
W+1
W+2
)
ϕW
+
is a character
left T -module where ϕW
+
: U ⊗A W
+
1 → W
+
2 is defined by ϕ
W+(u ⊗ f)(x) =
f(ϕW (x⊗ u)) for any f ∈ W
+
1 , u ∈ U and x ∈ W2.
Lemma 4.3. Let W = (W1,W2)ϕW be a right T -module.
(1) W is an injective right T -module if and only if W1 is an injective right A-
module, ker(ϕ˜W ) is an injective right B-module and ϕ˜W is an epimorphism.
(2) If T is a right coherent ring and UA is finitely presented, then W is an FP -
injective right T -module if and only if W1 is an FP -injective right A-module,
ker(ϕ˜W ) is an FP -injective right B-module and ϕ˜W is an epimorphism.
Proof. (1) follows from [16, Proposition 5.1] and [1, p.956].
(2) By [15, Theorem 4.2], both A and B are right coherent rings.
The exact sequence 0 → ker(ϕ˜W ) → W2
ϕ˜W→ HomA(U,W1) induces the exact
sequence HomA(U,W1)
+ ϕ˜W
+
→ W+2 → (ker(ϕ˜W ))
+ → 0. By [23, Lemma 3.60] or [11,
Lemma 1.2.11], HomA(U,W1)
+ ∼= U⊗AW
+
1 . Then we get the following commutative
diagram with exact rows:
HomA(U,W1)
+
∼=

ϕ˜W
+
// W+2 // (ker(ϕ˜W ))
+
∼=

// 0
U ⊗AW
+
1
ϕW
+
// W+2 // W
+
2 /im(ϕ
W+) // 0.
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Since T is a right coherent ring, W = (W1,W2)ϕW is an FP -injective right T -
module if and only if W+ =
(
W+1
W+2
)
ϕW
+
is a flat left T -module by [8, Theorem
2.2] if and only if W+1 and W
+
2 /im(ϕ
W+) are flat and ϕW
+
: U ⊗ W+1 → W
+
2 is
a monomorphism by Lemma 3.3 if and only if W+1 and (ker(ϕ˜W ))
+ are flat and
(ϕ˜W )
+ : HomA(U,W1)
+ → W+2 is a monomorphism by the diagram above if and
only if W1 and ker(ϕ˜W ) are FP -injective and ϕ˜W : W2 → HomA(U,W1) is an
epimorphism by [8, Theorem 2.2]. 
The following theorem characterizes explicitly the structure of a Ding injective
right T -module.
Theorem 4.4. Let T be a right coherent ring, BU have finite flat dimension, UA be
finitely presented and have finite projective or FP -injective dimension. The follow-
ing conditions are equivalent for a right T -module W = (W1,W2)ϕW :
(1) W is a Ding injective right T -module.
(2) W1 is a Ding injective right A-module, ker(ϕ˜W ) is a Ding injective right
B-module and ϕ˜W is an epimorphism.
In this case, HomA(U,W1) is Ding injective if and only if W2 is Ding injective.
Proof. The proof is dual to that of Theorem 3.4 by using Lemmas 4.1, 4.2, 4.3 and
[26, Theorem 2.8]. 
Corollary 4.5. Let R be a right coherent ring, T (R) =
(
R 0
R R
)
andW = (W1,W2)ϕW
be a right T (R)-module. The following conditions are equivalent:
(1) W is a Ding injective right T (R)-module.
(2) W1 and ker(ϕ˜W ) are Ding injective right R-modules, and ϕ˜W is an epimor-
phism.
(3) W2 and ker(ϕ˜W ) are Ding injective right R-modules, and ϕ˜W is an epimor-
phism.
Proof. By [15, Corollary 4.5] or [21, Theorem 2.3], T (R) is a right coherent ring. So
the result is an immediate consequence of Theorem 4.4. 
Next we consider Ding injective dimensions of modules over formal triangular
matrix rings.
Given a right R-module X , let Did(X) denote inf{n: there exists an exact se-
quence 0 → X → H0 → H1 · · · → Hn → 0 of right R-modules with each H i Ding
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injective} and call Did(X) the Ding injective dimension of X [25]. If no such n ex-
ists, set Did(X) = ∞. Put rDID(R) = sup{Did(W ) : W is any right R-module},
and call rDID(R) the right global Ding injective dimension of R.
Lemma 4.6. The following conditions are equivalent for a right R-module X:
(1) Did(X) ≤ n.
(2) For any exact sequence 0 → X → E0 → E1 → · · · → Ln → 0 with each Ei
Ding injective, Ln is Ding injective.
Proof. The proof is dual to that of Lemma 3.6. 
Lemma 4.7. Let rDID(B) < ∞, BU be flat, UA have finite projective or FP -
injective dimension. If H is a Ding injective right A-module, then HomA(U,H) is
a Ding injective right B-module.
Proof. There is an exact sequence of injective right A-modules
Λ : · · · → E−1 → E0 → E1 → E2 → · · ·
with H = ker(E0 → E1), which remains exact after applying HomA(H,−) for each
FP -injective right A-module H . Since BU is flat, each HomA(U,E
i) is injective. By
[5, Lemma 2.5] and Lemma 4.1, we obtain the exact sequence
HomA(U,Λ) : · · · → HomA(U,E
−1)→ HomA(U,E
0)→ HomA(U,E
1)→ · · ·
of injective right B-modules with HomA(U,H) ∼= ker(Hom(U,E
0)→ Hom(U,E1)).
For each FP -injective right B-module L, we claim that pd(L) < ∞. In fact, let
rDID(B) = n < ∞, then for any right B-module N , there is an exact sequence
0 → N → H0 → H1 → · · · → Hn → 0 with each H i Ding injective. It follows
that Extn+1B (L,N)
∼= Ext1B(L,H
n) = 0 by [22, Lemma 2.3(1)]. Thus pd(L) ≤ n.
Hence HomB(L,HomA(U,Λ)) is exact by [5, Lemma 2.5]. So HomA(U,H) is a Ding
injective right B-module. 
Theorem 4.8. Let T be a right coherent ring, rDID(B) < ∞, BU be flat, UA
be finitely presented and have finite projective or FP -injective dimension. If W =
(W1,W2)ϕW is a right T -module, then
max{Did(W1), Did(W2)} ≤ Did(W ) ≤ max{Did(W1) + 1, Did(W2)}.
Proof. The proof is dual to that of Theorem 3.8 by using Theorem 4.4, Lemmas 4.6
and 4.7. 
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The following theorem gives an estimate of the right global Ding injective dimen-
sion of a formal triangular matrix ring.
Theorem 4.9. Let T be a right coherent ring, BU 6= 0 be flat, UA be finitely pre-
sented and have finite projective or FP -injective dimension. Then
max{rDID(A), rDID(B), 1} ≤ rDID(T ) ≤ max{rDID(A) + 1, rDID(B)}.
Proof. The proof is dual to that of Theorem 3.9 by using Theorems 4.4, 4.8 and
Lemma 4.6. 
Corollary 4.10. Let R be a right coherent ring and T (R) =
(
R 0
R R
)
.
(1) If rDID(R) <∞ and W = (W1,W2)ϕW is a right T (R)-module, then
max{Did(W1), Did(W2)} ≤ Did(W ) ≤ max{Did(W1) + 1, Did(W2)}.
(2) max{rDID(R), 1} ≤ rDID(T (R)) ≤ rDID(R) + 1.
Proof. It follows from Theorems 4.8 and 4.9. 
Remark 4.11. Given a right R-module X , let Gid(X) denote inf{n: there is an
exact sequence 0 → X → H0 → H1 · · · → Hn → 0 of right R-modules with each
H i Gorenstein injective} and call Gid(X) the Gorenstein injective dimension of X
[18]. If no such n exists, set Gid(X) = ∞. Put rGID(R) = sup{Gid(X) : X is any
right R-module}, and call rGID(R) the right global Gorenstein injective dimension
of R. Similar to Theorems 4.4, 4.8 and 4.9, we have
(1) If BU has finite flat dimension, UA has finite projective or injective dimension,
then a right T -module W = (W1,W2)ϕW is Gorenstein injective if and only
if W1 is a Gorenstein injective right A-module, ker(ϕ˜W ) is a Gorenstein
injective right B-module and ϕ˜W is an epimorphism.
(2) If rGID(B) <∞, BU is flat, UA has finite projective or injective dimension,
W = (W1,W2)ϕW is a right T -module, then
max{Gid(W1), Gid(W2)} ≤ Gid(W ) ≤ max{Gid(W1) + 1, Gid(W2)}.
(3) If BU 6= 0 is flat, UA has finite projective or injective dimension, then
max{rGID(A), rGID(B), 1} ≤ rGID(T ) ≤ max{rGID(A) + 1, rGID(B)}.
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